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i Abstract. In this note, we symmetrized the cut-join equation from the proof of Marino- Vafa formula. 

One can derive more recursion formulas of Hodge integrals out of this polynomial equations. We also 
^— ^ 1 give some applications. 
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1. Introduction 



The Marino- Vafa formula(Liu-Liu-Zhou's theorem, cf [14]) gives a close formula for certain Hodge 
integrals with three A classes. One of its specialization is the famous ESLV formula[3]. By apply- 
ing a transcendental changing of variable, Goulden, Jackson and Vainshtein get a symmetrized cut-join 
equation[5], which is a polynomial identities with Hodge integral numbers with one A class as coefficients. 
Comparing the lowest degree terms, Goulen, Jackson and Vakil[6] were able to give a short proof of A 9 
conjecture, which was first proved by Okounkov and Pandharipandej4]. On the other hand, by using the 
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result of [6], Chen, Li and Liu [1] gave a short proof of Witten conjecture Kontsevich theorem. 

In this paper, we study another transcendental changing of variable formula, apply it to the Marino- 
Vafa formula itself, and get a symmetrized cut-join equation, which is again a polynomial identity, but 
with Hodge integrals with three A classes as coefficients. We expect more Hodge integrals can be computed 
from our symmetrized cut-join equation. As an example, we illustrate how to get the Witten conjecture 
C*") . Kontsevich theorem from our newly derived symmetrized cut-join equation. 

t> 

We study the new transcendental change of variable formula in section 2, which is essentially some 
ON ' calculus based on Formal Lagrange Inversion Theorem. In section 3, we symmetrize the cut-join equation 

satisfied by the generating series of Hodge integral studied in [14] . Applied the change of variable formula 
developed in section 2 to the symmetrized cut-join equation in section 3, we derived a polynomial cut-join 
equation, which is the theorem 3 in section 4, and this is the main result of this paper. We illustrate 
some application of our result in section 5. 



2. Preliminary 

We first quote a result from the standard text book on combinatorics. For a proof and more about 
this theorem, we refer the book Enumerative Combinatorics by Richard Stanley [18]. 

Theorem 1. Formal Lagrange Inversion Theorem: Let F[x] = QjX i G where a\ 7^ and 

K is a field of characteristic 0. Let k,n € !,,then 

(2.1) n\x n ]F' 1 (x) k = k[x n - k ](-^—) n = k\x- k ]F(x)- n 

F(x) 

Where -F -1 (:r) denote the formal inverse function of F(x) and [x n ]F(x) is the coefficient of x n in the 
formal power series F(x). 

In particular, take k = 1, we have 

(2.2) n[x n }F-\x) = [x- l ]F{x)- n 

The inverse function of x(l — x) T will play a crucial role in this paper. Take F(x) = x{\ — x) T in the 
above theorem for some fixed complex number r, then 

l 
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(2 3) 1 _ 1 fl x ynr_ 1 + o) r 

v ■ > F(x) n x n y J x n ^ r\ 

and 

Let a; (a:) denote F (x). We will study some basic properties of this function in this section. The formal 
Lagrange inversion theorem gives the unique formal power series solution of the equation 

(2.5) uj{x){1 - uj{x)) t = x 

(2.6) u{x) = F-\x) = V 1L = o( " T + a V 

n— 1 

One can compute the derivative 

(2.7) xu{x)' 

L0t f = l-(l+r)o; ' We haVe 



oj(1 — u>) 
1 - {1 + t)lu 



(2.8) (l + r)W = (l-o;)( 1 -1) 

1 — (1 + T)U> 

and 

(2.9) (1 + t) 2 xJ = — + 1 - (1 + r)(l - w) = ry - r+ (1 + t)w 



1-(1 + t)w 



so 



(2.10) ^i + (^)E nL "° 1( T +fl) ^ 

n— 1 

For a formal power series /(a;), if we change the variable to u), and then to y, we have the following 
relations: 

(2 - n) x Tx = i-(i + rv ^ = y(2/ - WT+T^ 

3. Symmetrization 
In [14], they studied the generating function C = J2 g ^o n^i C^X 2g ~ 2+n , where 

C j-x- sr -^wi+^nnS^/ lull! p 

n„_1 +oo n T-r/n-l 



2^ v 11 c„,_iv 



»! ^ ^ • i (Mi" 1 ) 1 

3# — 3 _ n n 

e e /_ r^n^n^-p, 

fc=0 6i+6 2 H \-b„=3g-3+n-k J M s," <=1 i=l 

= - (T(1+ J ))m " l 3 E E <r 6l -r^(r)>n^(^) 

fc=0 6i+6 2 H hfc„=3g-3+n-fc i=l 
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Here we denote 

rm-l 



iiP)-}^^- 1 P™ (m-l)\ ™ "r^ V Pm r 



mr + a) , 
-m 



(m — - . . 

for infinitely many formal variables = {pi, P2, • • • } and 

r 9 (r)=A 9 v (l)A 9 v (r)A s v (-r-l) 

This apparently complicated generating function naturally appeared when one computes the open 
Gromov-Witten invariants of local Calabi-Yau, cf[7]- Motivated by the duality between topological string 
theory and Chern-Simon theory, Marino- Vafa formula gives a closed expression of the above generating 
function C in terms of some combinatorial data associated to representations of symmetric groups. In 
their proof of the Marino- Vafa formula, Liu-Liu-Zhou show that the generating function C satisfies a 
cut-join equation. 

,„ \ dC y/-L\ v-^ . d 2 C dC dC , . dC . 

J J J 

In this section we will symmetrize this cut-join equation and make a transcendental change of the 
variable, so that the resulting symmetrized cut-join equation become a polynomial one. 
Define the symmetrization operator 

"»Pa = (V 1) ' ' ^ ] X a(V ' ' ' x 



o-es„ 

for n ^ 1 if 1(a) — n with a = (oti, • • • ,«„), and otherwise. 
We have 

(3-2) S„Cg = - 1 1 ±J> Yl E <^'"^(r)>^n^W 

fc=0 &i+b 2 H hi>n=3g— 3+n— Jfc ereS„ i=l 

where 

(3.3) m = - E n -° 1( 7 +a W = 4t(4)% - 1) 

t ' m! t + 1 ete 

Let C denote the change of variable from x to y, one has the following relation 



Cx -=y(y-l)( VTY )-C 



Apply to 4>i(x) for i ^ 0, we get 



(3.4) C^) = A)^ _ 1) = [ y(y - l)(^±i) 

Clearly, this is a polynomial in the new variable y of degree 2i + 1. 
S P t "{"li-.O'iiln — «n I ■ 1 

ucu i_j |-V V — ^t'OL\Xi — >X a . ,1— I,--- .771 

The following three lemmas are from the section 4 of [5]. However, one should be careful that in our 
case there are some extra coefficients appear due to our definition of the symmetrized operator. We 
ignore the proof, which one can find in [5]. 

Lemma 3.1. Let a and (3 be partitions with 1(a) = k and 1(0) = m. Then 

E {h-,m + k }papf3= (H^p Q )(H 8 P/3 ) 

(A,B) 

where the sum is over all ordered partitions (A, B) of {1, • ■ • , m + fc} with \A\ = k and \B\ = m 
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Lemma 3.2. Let a be a partition 1(a) = m, and let 1 ^ Z < m, then 

_d_ 

dxi 



^ 1 -- m } p« = ^" m " w E <m«)IK- <0 



aeS m i=l 
m 

= E a^mv^i-'i-v^ix^} 

a£S m »=1 

= £ V^T (m) (arO^t 1 -- 

i^i Pi 

Lemma 3.3. Let a be a partition with 1(a) = m + 1 and 1 ^ Z ^ m, then 



T , — r , 9 on,-,m+i> I _ V .rT- (,+J+2) T '+3={i,-,™+i}-{i,™+i}:-' 9 



2 



Now we apply the operator S^ 1 '"' to the cut-joint equation to get a symmetrized one. Notice that 
,m} commu tes with taking derivative with respect to r, the left hand side gives 



Next we study the effect of S^ 1 '"' on the right hand side. By lemma 3.3, 



V n ■ ■ Pa -V V 1 . r T (i+j+1) r i+J '° fl '-' ro} - fl} :i Pa 



^E-^^ + i7r^ s{1 '-' m+1} p^ 



z {1 --' m} E p^^«^ = E A2fl_2+ro+1 E ^••••-w^J%i 



a \x m+1 =xi 



TO rj o 

3 >o i=i 0X1 OXm+1 

Let Z(a) = k and Z(/3) = m — k + 1, and so we have 

s*.-."> e PH ) ^^ = EE(^- (,+,+,, ^ s{1 - mH,1 (v)(^) 
Pi Pj i=i ij^i Vi Pj 

T E E (E^" (i+1) ^^^)(E^" 0+1) ^ sB ^) 

(=1 (^,B) i^l P * j>1 Pj 

TO p o 

J=l (.4,8) 

^ efe - l(xi ^ S{1 ''''' fc}pa)(xi 9^ S{1 ' fc+1 ''''' m}p ' 3) 
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= V" A 2 gl -2+fc , A 2g 2 -2+(m-fc+l) , ,m> y^ p i+j jj k m ~ k + 1 



,m} 



dp, 



2 y V- v ^~r (r+2) x k xi-x lXk m }-{i,k}/ 

E ' — 



Xk r , 9 =n.-.mWfc} f 



Xl — X2 OX I 



M>1 ' ' 9^0 ij * I ' P ' 

t^o X '~ X2 9x1 

Collecting all these terms, the following theorem is proved. 
Theorem 2. The symmetrized cut- join equation of Marino- Vaf a formula is 

E\2g-2+m ° p-fl,- ,m}/>9 



-- - VA 29+m fVr, — t ^ ■={!,-, m+l} c g Ni 

- 2^ n ( ft fe < ro+1 ^ m+ r Cm+lJ|im+i=i ' 

9>0 i=l 

-\ E E A^+ 2 ^+™- 2 e,_ 1 ( a;i A S {i,--^ cf )^ 1 ^ S {i,fe+v--,w C; 



32 

9 

Comparing the coefficients of / \ 2 ff- 2 + m ; we get 



*>£9 - _IVx,— x n - w{i,-,"»+i} c a-i Ni 



9r S{1 " 2^"'fer m+1 fe m+ r" '-m+i;ix m+1 =x, 

-5 E E e.-r^A^v--^)^^^!^,---^^) 



+ e 1 -^?-. a;i As{i.3,4-,m} C fl 

— X 2 OX\ 
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4. Changing of variable 

Now we want to make a change of the variable for the equation we obtained in the last section. We 
first deal with the right hand side. As in [5], to obtain a polynomial expression in the variable yi, one 
has to combined all the unstable terms, which arc logarithm transcendental. 

In the second term, combined the unstable terms a = 0, k = 1 and a = g, k = m 

i=i 

and recall that (3.2) 

+ °° TT<2— l/i . \ +00 y-rd— 1 / , . \ W 

an -W^o ~mv" r^ d+1 n a =\\ dT + a > j-2 „ _ IL=i(<fr + a) * 
(4- 1 ) - 4 — ^-V-l ( j -d Pd --^ T 

d=l v ; d=l 

(4.2) (,^) 2HWC = _ 1 g iK^ + a) ^ = = "« 

since x-^ — 1 _^^ 1 - )ul ' (2.11), we find the unique expression of 

(4.3) X|AH{'}cf=ln(l- Wi ) 
The unstable terms a = 0, k — 2 and a = g, k = m — 1 gives 

and 



r + 1 £ JJ IfflpW + a) 



T 



-»i ^1 ^ + ^ 2 19 

/il^l,/^2^1 2=1,2 



(4.4) ( ^ + ^ )s{1 ,2 }c o_ r(r+1) 



ftci <9x 2 y 2 v ' [1-(t + 1)wi][1-(t + 1)w2] 

One can verify that 



ln(^ ±) - r(ln(l - u x ) + ln(l - w 2 )) 

xi — x 2 



5 {1,2} = 

is the unique solution, and so 

_9_„ {1: 2} o;i(l - c^i) xi tujx 



dx\ (cji — uz)(l — (r + l)wi) xi — x 2 1 — (r + 1)cji 

Wl - , ™ 2 N , X\ 



uj 1 -oj 2 1— (r + l)wi X\— xi 
Remember we have — lu) t = x, lo depends on the parameter r. Taking partial derivative to r, we 



find 



9w 1-fr+llw , , 

' + ln(l - oS) = 



<9r w(l — w) 

Move the terms involve ln(l— u>i) to the left the symmetrized cut-join equation, since fix w,dy{u), r) /dr 
y 2 w, we have 
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r ;=i T LUl T 

1=1 y 

Theorem 3. After the transcendental changing of variables to y, the symmetrized generating series 
CS^ 1 '"' ' m ^Cf n {yx, ■ • ■ , y-m, T ) is a polynomial of the variables yi 's of total degree 6g — 6 + 3m, and satisfy 
the following cut-joint equation: 

-i E E ^OA-Ct ^"' 8 

• (2/1 " 1)(^^)^CH^.^.-->C^ +1 ) 

- E e *-i^(fi - i)(^r)^csiv-«co )(Jft(w _ i) ( ^±i) A CS (-- + v... m}c ^ fe+i) 

, n j/lfal - 1)(^2 - 1)^1T + 1 9 n „ { l, 3 ,...m}^g 

yi-2/2 r + 1 %t 



5. Applications 

This cut-join equation is a generalization of the symmetrized cut-join equation of [Bj. In their equation, 
only Hodge integrals with at most one A class show up, while in ours equation, Hodge integrals have up to 
three A classes. This is not surprising, since their starting point ESLV formula, as Liu-Liu-Zhou showed 
[2] and [T5], is the large r limit of Marino- Vafa formula. Thus we expect taking large r limit of our 
symmetrized cut-join equation, one should be able to recover the equation of [5]. 

To illustrate the application of our symmetrized cut-join equation, we make a similar derivation of the 
Witten conjecture (Kontevich Theorem) as in pQ. We don't regard this as a new proof. 

Both of the two sides are polynomials of m variables y\ , • • • ,y m , of total degree 6g — 5 + 3m. We 
compare this leading term. Recall T 3 (t) — A^(1)A^ (r)A^ (— r — 1), and only its constant (— ) 9 [t(t + l)] 9 
has contribution in the leading degree term. Denote F^ the operator sending a formal power series to its 
degree d part. 



F 6g - 6+3m CS^- " m >C*( W> • • • , y m , t) 

2 m 

= (-ir 1 ( T ^ 7 ) 25 - 2+m £ <r bl ,-.. ,r fcm >n(26,-l)!!yf- +1 

6iH l-b m =3g-3+m i=l 

Where in the above equation, we adopt the following abbreviation and the genus g is determined by 
the restriction j\ + ■ ■ ■ + j n + d = 3g — 3 + n if the degree of lj is d. 

(5.1) < r n ■ ■ ■ Tjn u >:= _ iPi 1 ■ ■ ■ $j>w. 

JMg, n 

For the left hand side, only the derivatives of yi have contributions: 
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Ffi ^ ( d i y ^w-i) 9 )c ^-,m} ca( . t) 

* Bg-S+ZmK q t -T 2^, T + \ dyi U m\V^> ,Vm,T) 

i m n 

= — T E yf^F 6g ^ e+3m CE^- ^C° m ( yi , • • • , y m , r) 
T + i~i " Vl 

= 1 T i ^( T ^) 29 - 2+m E E <r, 1I ...,r bm >.(26 J + l)!!^ +2 f[ (26, - - +1 

f ' Z=l fciH hb m =3g-3+m i=l,ij&l 

Now go to the right hand side, after applying the operator the F6 g _5+3 m , the first term becomes 

l — l 6iH h^TJT+i— 3g— 5+m 

m 

■(26 ; + l)!!(26 m+1 + l)!!yf bi+2fc ™ +1+6 [] (26, - l)!!yf * +1 

and the second term becomes. 
2(l + r) l l + r J 

A' 

• E E *-i[ E <r fcl ,...,r fct >(26 1 + l)!!^ +3 n(26 l ~l)!! 2/ 2 '"+ 1 ] 

Ka^fl-lKfc<m 6iH \-b k =3a-3+k i=2 

m 

•[ £ <r fc; ,r bfc+1 ,...,r fcm >(26' 1 + l)!! y 2b ' 1+3 J] (26, - l)!!/^ 1 ] 

bi+fcfc+iH h6 m =3(s— o— l)+(m+l-fc) i=fe+l 

The third term basically is the same as the second, except that the summation range is fixing a = 
and k varies from 3 to m. 

1 + r 4 + r j 

fc 

■ ^ 6 fe _![ £ <r bl ,-.. ,r fcfe >(26 1 + l)!! y 2fcl+3 n(2^-l)!!y 2fc * +1 ] 

3^fc^m 6iH h6fc=fc-3 i=2 

m 

•[ £ <r fci ,r bfc+1 ,...,r bm >(26' 1 + l)!! 2/ f' 1+3 (26, - l)!!^* 1 ] 

bi+fcfc+l+---+b m =3(g-l) + (m+l-/c) i=fc+l 

Together with the second term, these gave all the stable cut contributions, and we combine them in 
the sequel. 

The fourth term is 

2 i + T (7^7) 01 <r bl ,r b3 ,--- ,r bm > 

bi+b 3 H hb m =3g-4+m 

„,2f>i+4 _ , ,26i+4 m 

(26! + l)»y m {^ ^ ) 11(26, - l)!!yf * +1 

Collect all these, and comparing the coefficients of yf bl+2 111=1 i^i vT^ 1 ^ we S e ^ the Dijkgraaf-Verlinde- 
Verlinde formula, which is equivalent to Witten conjecture. See also [T] and [9] for more detail. 

For other more interesting applications, one may take other special values of r, or consider other degree 
in terms in theorem 3. For example, the lowest and the next lowest degree terms of theorem 3 may give 
some relations for Hodge integrals Jj^ V'i 1 ' 1 ' V'n™ ^g^g-i^g-3, which may be interesting. 
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